We report an experimental and theoretical investigation of the frequency dependent effective mass,M (ω), of a rigid cavity filled with loose granular particles. We demonstrate the transferability ofM (ω) to predict the changes in resonant frequency and attenuation for general situations of structure-borne sound. The dominant features ofM (ω) are a sharp resonance and a broad background which we analyze within the context of simple models as well as with molecular dynamic simulations. We find that: a) These systems may be understood in terms of a height dependent effective sound speed (∼ 150 m/s) and an effective viscosity (∼ 2 × 10 4 Poise). b) There is a dynamic Janssen effect in the sense that at any frequency, and depending on the method of sample preparation, approximately half the effective mass is borne by the side walls of the cavity and half by the bottom. c) On a fundamental level dissipation is dominated by that at grain-grain contacts, and not by global viscous damping.
We report an experimental and theoretical investigation of the frequency dependent effective mass,M (ω), of a rigid cavity filled with loose granular particles. We demonstrate the transferability ofM (ω) to predict the changes in resonant frequency and attenuation for general situations of structure-borne sound. The dominant features ofM (ω) are a sharp resonance and a broad background which we analyze within the context of simple models as well as with molecular dynamic simulations. We find that: a) These systems may be understood in terms of a height dependent effective sound speed (∼ 150 m/s) and an effective viscosity (∼ 2 × 10 4 Poise). b) There is a dynamic Janssen effect in the sense that at any frequency, and depending on the method of sample preparation, approximately half the effective mass is borne by the side walls of the cavity and half by the bottom. c) On a fundamental level dissipation is dominated by that at grain-grain contacts, and not by global viscous damping. Loose grains damp sound very efficiently, and therefore they have been used in many industrial applications where attenuation of sound waves is critical [1, 2] . Furthermore, understanding the mechanisms of energy dissipation via contact dissipative forces between grains is of fundamental interest to unravel the unique dynamical behavior of granular matter. Despite the importance of this problem, an understanding of the origins of damping and dissipation mechanisms in granular materials is still lacking. Moreover, there is a practical motivation to develop an effective method to optimize the damping of unwanted structure borne acoustic signals.
In this Letter we pursue the concept of the effective mass,M (ω), of a granular aggregate contained within a rigid cavity [3] . It is determined by simultaneously measuring the force on the cavity and its acceleration. If, now, an identically filled cavity is located within an acoustically resonant structure, we demonstrate how to predict the shift in resonance frequency and change in Q factor based on a knowledge ofM (ω). Generally speaking,M (ω) exhibits a sharp resonance, which we interpret in terms of an effective sound speed, and a broad tail decreasing roughly as ω −1/2 , which we interpret in terms of an effective viscosity. Each of these two interpretations is based on oversimplified toy models, that the entire effective mass is borne by the bottom of the cavity or by the walls, respectively. A concrete example of the former behavior is provided by the effective mass of simple liquids; we demonstrate how our technique enables us to measure the densities and the sound speeds of four different liquids. We have developed molecular dynamic simulations to analyze the expected behavior ofM (ω) under the assumption that the contacts are described by damped Hertz-Mindlin theory, with or without possible global damping due to the viscosity of the air. We have found that there is a dynamic Janssen effect in the sense that at any frequency approximately half the effective mass rests on the bottom of the cavity and half on the side walls. Thus, these toy models have only qualitative validity. Notwithstanding, we extract approximate values for the sound speed and the viscosity of our granular ensembles. Finally, our simulations indicate that the dominant microscopic mechanism for damping is at the grain-grain contact level and not due to global viscous damping.
Experiments.-We develop the following experimental technique measuring the "effective mass" of the granular material, and we formulate the damping effects of the grains filling cavities of a given structure in terms of the material effective mass. This approach allows us to characterize the granular material over a wide frequency band of sonic interest. A cylindrical cavity of diameter 1.00 in and height 1.21 in excavated in a rigid Al cup is filled with tungsten particles. Each of these particles consists of 4-5 equal-axis particles, of nominal size 100µm, fused together. We chose tungsten particles because its large density maximizes the effects we are studying. The cup is subjected to an external sinusoidal vibration at angular frequency ω; the resulting acceleration is measured with an accelerometer attached to the cup and the force is measured with a force gauge mounted between the shaker and the cup. The effective mass is defined as the ratio of the total force on the walls of the cavity divided by the acceleration of the rigid cup. Taking into account the mass of the empty cup, M c , we have:
where the effective mass of the granular medium,M (ω), is complex-valued, reflecting the partially in-phase, partially out-of-phase motion of the individual grains, relative to the cup motion. Figure 1 shows our results for a frequency sweep of M (ω). We note that in the low frequency limitM (ω) tends to the static mass of the grains, 149 gms. Also, there is a relatively sharp resonance peak around 1.8 kHz as well as a broad tail which diminishes with increasing frequency, which we shall discuss.
First, though, we point out the transferability ofM (ω) to other acoustic experiments, specifically to the damping of acoustic modes. Let us suppose that there is an acoustic structure, possessing an identically shaped cavity, and which has a resonant frequency ω 0 when the cavity is empty. If one assumes that a) the relevant acoustic wavelengths in the structure are considerably larger than the dimensions of the cup and that b) there is a negligible contribution to the elastic stiffness from the cavity, then, when the cavity is filled with the grains, the density may be thought of as a background density, ρ 0 , plus a localized effective mass due to the grains, viz:
where the grain-filled cavity is located at position x 1 . One may re-solve the elasto-dynamic equations to find the new resonant frequency when the cavity is filled. The resonant frequency becomes complex-valued in the presence of the granular damping mechanism: ω = ω 0 + ∆ω. For our purposes it is sufficient to consider the results of perturbation theory. We find
where u(x) is the displacement field when the cavity is empty of grains. The quality factor is given by
We have analyzed the predictions of Eq.(3) on a resonant bar made of stainless steel with a grain-filled cavity in the center. When the cavity is empty, the resonant frequency of the lowest flexural mode is f 0 = 3019 Hz and Q = 603. When the cavity is filled with the tungsten particles there is a frequency shift, ∆f (exp) = −77 Hz, and a very significant increase in damping: Q(exp) = 22. The theoretical predictions of Eq.(3) are ∆f (th.) = −90 Hz and Q(th.) = 15. Of course, there is no guarantee that the two grain-filled cavities are identical, but we take this as significant agreement between theory and experiment in this context. More examples of this sort of comparison will be published elsewhere [4] .
On a qualitative level we may understand the general features of Figure 1 in terms of three over-simplified continuum models.
Model I: The granular medium is considered to be a lossy fluid, with negligible viscous effects at the walls i.e. the viscous skin depth δ = 2η/(ρω) is negligibly small compared to the radius of the cup, a. Here, η is the viscosity of the fluid, ρ is the density. The effective mass is simplyM
where L is the height of the fluid column,
is the (lossy) bulk modulus of fluid, and q = ω ρ/K is the wave vector in the fluid. This model predicts that 100% ofM (ω) is on the bottom surface of the cup and resonance peaks as seen in Figure 2a occur when L equals odd multiples of a quarter wavelength. The value of τ is chosen to matched the observed resonance in the experiments. The resonance frequencies are in the ratio 1,3,5,... and the width of the next resonance is nines times as large as the first. So it is scarcely visible on such a plot. Model II. The granular medium is considered as a very viscous fluid, which is infinitely compressible. Thus, all ofM (ω) is borne by the walls of the cup, none by the bottom surface. We find:
Here κ = iρω/η and J k (z) is a Bessel function of order k. This model gives a broad peak with a slow decay at higher frequencies as seen in Figure 2b , much like what is seen, qualitatively, in the granular data away from the fundamental resonance. We note, for future use, that the high frequency limit of Eq.(5) isM (ω) → 2πaL iηρ/ω. Model III. Model II can be used to model an infinitely compressible solid, having a finite, but lossy, shear modulus: G = G 0 (1 − iωτ ). Mathematically, one simply uses Eq.(5) with the substitution η → −iG/ω. With a judicious choice of G 0 and τ , Model III also gives a single resonance in the frequency range of interest, similar to Model I. However, as in Model II, in Model III all of M (ω) is on the side walls of the cavity.
Note that all three of these models have the same low-frequency asymptote, namely the static mass of the medium:M (0) = ρπa 2 L. An example of Model I and of Model II are plotted in Figure 2 .
A wide variety of real liquids satisfies the assumptions of Model I. We have measuredM (ω) for four different liquids and they all exhibit the fundamental resonance indicated in Figure 2a . Accordingly, we can extract a value for the sound speed for each fluid. Similarly, from the measured low frequency asymptote we can extract a value for the density. These values measured with our effective mass technique are cross-plot against those determined by more conventional means [5, 6] in Figure 3 . Our conclusion is that our technique for measuring the dynamic effective massM (ω) is an accurate one.
Buoyed by these results we naively interpret the main resonance in Figure 1 as being a 1/4 wavelength reso- nance of the compressional sound speed. We have investigated how this resonance shifts to higher frequencies as the filling depth, L, is reduced. Throughout the volume of grains in the cup, the sound speed must be depth dependent; the gravity-attributed stiffness is zero at the surface and maximum at the bottom. Nevertheless, we may estimate an effective sound speed in the vertical direction based on this peak frequency and the filling depth of the tungsten particles:
(6) Figure 4 shows these estimated speeds as a function of filling level. These results show the trend of greater speed with greater depth, as expected. The speed around 170 m/s is also the same order of magnitude as the sound speed in sand grains reported in the literature [1, 3, 7, 8] .
In a similar manner we may estimate the effective viscosity of the granular medium based on the high frequency tail of the data, such as in Figure 1 . According to Model II the high frequency tail ofM (ω) should be proportional to ω −1/2 . Roughly speaking, this is seen in the data plotted in Figure 5 for two different filling levels. Taking into account the prefactors, we conclude that the granular medium has an effective viscosity η eff = 1−3×10 4 Poise. Note that this viscosity is not the same as what might be relevant for a flow experiment.
The toy models are illuminating as far as they go but to obtain a deeper understanding of the damping mechanism on a microscopic level we have performed molecular dynamic simulations ofM (ω). Here, we consider the much simpler system of spherical beads.
In our simulations a static packing at a determined pressure is first achieved by previously determined methods [9] , and then we incorporate walls, friction and the force of gravity. The simulations consider the typical Hertz-Mindlin contact forces for the normal and tangential components respectively and the presence of Coulomb friction between the particle characterized by a friction coefficients µ.
Most relevant, microscopic damping is provided by two principal mechanisms of dissipation, described below. If the grains are touching, they exert contact damping forces proportional to the relative velocities arising from viscoelastic dissipation in the bulk of the grains: f diss n = −γ n ξ 1/2ξ and f diss t = −γ t ξ 1/2ṡ [10] . Reference values for the damping constants γ n and γ t can be obtained from [11] . These damping terms can also model the dissipation arising from liquid bridges at the contact points caused by humidity. (b) A global damping mechanisms operates in the form of classical "Rayleigh damping" [12] appropriate to the drag of a sphere immersed in a viscous fluid (which could be also air): F drag = 6πηRẋ, where η is the viscosity of the fluid (an analogous expression holds for torque damping) [11, 13] .
We apply a sinusoidal oscillation to the external walls of the system and measure the resulting force on the walls and bottom plate to obtain the effective mass of the granular packing for different frequencies and amplitudes of oscillation.
Results are displayed in Fig. 6 for a system in which there is assumed to be only local contact damping. The fundamental resonance and the broad high frequency tail are clearly evident. We show, separately, the contribution toM (ω) from the bottom as well as from each of the side walls. The conclusions we draw from the modeling are:
1. A dynamical Janssen effect reveals that Models I, II, and III are equally important to understanding the dynamics. Figure 6a shows the results of the effective mass at the bottom and on the walls of the cavity as a function of the frequency for a system with friction coefficient µ = 0.5. For all frequencies we find that approximately half of the mass is held by the bottom and the other half by the side walls. In this sense, one cannot make the distinction between the simplified Models. Our depiction of an effective sound speed as a function of filling level, Figure 4 is really just a manner of speaking. When the friction is switched off (µ = 0, Fig. 6b) , almost all the weight is supported by the bottom walls of the cavity, as expected, since the effective shear modulus becomes negligibly small [9] and so Models II and III disappear. (A small component of the weight is held by the walls because they are made of glued particles in the simulations.) Not surprisingly, we still see the resonance peaks as predicted by Model I.
2. Simulations allow us to differentiate between possible different microscopic origins of dissipation. We find that either global or local damping can capture the main features of the experiments: the main resonance peak, as in Model I/III, and a broad background, as in Model II. However, the high-frequency asymptotic behavior for large ω is very different for the two mechanisms. Global damping predictsM (ω) ∼ iω −1 , and this is something we see in our simulations. On the other hand, as long as the viscous skin depth 2η eff /ρω is large compared to the grain size but small compared to the cup radius, then contact damping predictsM (ω) ∼ (i/ω) 1/2 , as in Model II. In Figure 5 we include a plot ofM (ω) computed from simulations using contact damping only. Although the simulations result is noisy, we may conclude that there is an effective viscosity as for the experimental results. Contact damping can be caused by viscoelasticity of the grains or it can be induced by liquid bridges at the contact points [14] .
